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Abstract 

We extend formulae which measure discrepancies for regularized traces on classical 
pseudodifferential operators HTxl . icdmpi . fFTTl to regularized trace cochains, reg¬ 
ularized traces corresponding to 0-regularized trace cochains. This extension from 0- 
coclrains to n-cochains is appropriate to handle simultaneously algebraic and geomet¬ 
ric discrepancies/anomalies due to the presence of a weight. Algebraic anomalies are 
Hochschild coboundaries of regularized trace cochains on a fixed algebra of pseudod¬ 
ifferential operators weighted by a fixed classical pseudodifferential operator Q with 
positive order and positive scalar leading symbol. In contrast, geometric anomalies 
arise when considering families of algebras of pseudodifferential operators associated 
with a smooth fibration of manifolds. They correspond to covariant derivatives (and 
possibly their curvature) of smooth families of regularized trace cochains, the weight 
being here an elliptic operator valued form on the base manifold. Both types of dis¬ 
crepancies can be expressed as finite linear combinations of Wodzicki residues. We 
apply the formulae obtained in the family setting to build Cliern-Weil type weighted 
trace cochains on one hand, and on the other hand to show that choosing the cur¬ 
vature of a Bismut-Quillen type super connection as a weight, provides covariantly 
closed weighted trace cochains in which case the geometric discrepancies vanish. 


Introduction 

Linear forms A i—> tr (Ae _e ®) on the algebra Cl(M , E) of classical pseudodifferential 
operators acting on smooth sections of a hermitian vector bundle E based on a 
closed Riemannian manifold M where Q is a classical pseudodifferential operator with 
positive scalar leading symbol and positive order, naturally generalise to multilinear 
forms, namely JLO cochains mm (see also jP| in relation to anomalies): 

Xn,Q(e){A 0 , ■ ■ •, A n ) = [ du 0 ■ ■ ■ du n tr (A 0 e~ e ' UoQ A^^^ ■ ■ ■ 

JA n 

A n _ ie -^- lQ A n e- e - u - Q ) , 

since Xo.Q(e)A) = tr (Ae~ eQ ). Here A n := {(it 0 , ■■■,u n ) & [0, l]” +1 ,S"=o u * = X }- 
Recall that 1 the Mellin transform of t i—> tr (Ae _t< ^) defines a meromorphic 
function z h-> TR(HQ _2 ) (here TR stands for the canonical trace introduced in ES) 

lr This holds provided Q is invertible, otherwise we turn it into an invertible operator adding the 
orthogonal projeciton onto its kernel 
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with simple poles and complex residue given by Wes(A) where q is the order of Q and 
res(A) the Wodzicki residue of a |S5|. Similarly, we show that the Mellin transform 
of t Xn,Q(t)(A 0 , ■ ■ ■ , An) yields meromorphic functions z Xu,q{z){Aq, • • •, A n ) 
with simple poles and complex residue given by ires(Ao • ■ • A n ). 

On the other hand, the finite part of z i—» TR(AQ _Z ) defines a very useful linear 
map A i—> tr < 3(A) which we refer to as Q-weighted trace of A 0, ICOMPI . (MU. In 
the same way, the finite part of z i—> Xn,Q(z)(Ao, ■ ■ ■ , A n ) defines Q-weighted trace 
cochains \n (A), • • •, A n ) which yield cyclic cochains that differ from the weighted 
trace tr^ (AqAi ■ ■ • A n ) of the product of the A’s (which is not cyclic) by a finite 
linear combination of Wodzicki residues (Proposition |3l: 


Xn (A), ' • ' , A n ) = tl' Q (AqAx ■ ■ ■ An) 


1 [|q|]+dim^ ( _ 1) | fc | ( | fc | _ 1} , 
q (fc+1)! 


res {^A 0 A^ 



( 1 ) 


Here A := ad q(A), \a\ := do H— • + a n is the order of the product Aq ■ ■ ■ A n , [|a|] 
its integer part and for any multiindex k = (k±, ■ ,k n ), we set |fc| = k\ + • ■ • + k n , 

(k + 1)! = ( k\ + !)!■•• (fc„ + 1)!. 


The presence of a weight Q leads to discrepancies which are often responsible for 
the occurence of (local) anomalous phenomena in physics and infinite dimensional 
geometry cdmp , ehs, EH- We consider two types of discrepancies, algebraic 
and geometric ones; the first type arises as Hochschild coboundaries of weighted trace 
cochains, the second type as covariant derivatives (and possibly the corresponding 
curvature) of families of weighted trace cochains. Working with families of cochains 
offers a natural geometric setting that brings together these two types of anomalies 
in a common framework. 

We express the Hochschild coboundary of a weighted trace 2p-cochain as a finite 
linear combination of a finite number of Wodzicki residues involving powers of the 
weight Q (Theorem 0: 


b X2p( A o 


, ■ • ■, A 2p +i) 


[|a|]+dim M— 1 

E 

| fe|=0 


(-l)l fc l |fc|! 






A k 2j) A (*23 + 1 + 1 ) ^(*23 + 2) 4 (*2p+l) n -|/c|-l\ 

" ' ^2j 1-1 ^2j+2 ' ' ' ^2p+l V )■ 

When p = 0, this yields 

[a+f,]+dimM— 1 . , 

(-1) 


( 2 ) 


(btr Q ) ( A,B) = 


E 

| fe|=0 


k + 1 


res (AB (fc+1) , 


where a is the order of A, b that of B. Equation 0 , which is very close in spirit 
to formulae derived in jTT] . EMI (see Appendix A for some analogies 2 to compute 
character cocycles, shows the expected locality of the algebraic anomaly since the 
Wodzicki residue has an explicit local description in terms of the (positively) homo¬ 
geneous symbol (T-dimM of order —dim M of the operator: 


res(A) = 


IM 


dim M 


/ S*M 


dxd s ftv x (cr_di m M(A)(a:, £)) 


2 The essential difference lies in the fact that the weighted trace forms are cyclic and hence 
generally not ( b , B ) closed, in contrast to the Chern character 
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where S*M denotes the unit cotangent sphere and ds£, the canonical volume measure 
on it. It also follows from this formula that Q-weighted trace 2 p- cochains yield 
2p-cocycles on the algebra Cl^ dimM (M. E) which (strictly) includes the algebra 

(2p+2) 

Cl c dimM^ (M. E) of classical pseudodifferential operators that lie in the Schatten 

class l2 P +2 {L 2 {M, E)). Here L 2 (M,E) is the L 2 -completion of C°°(M,E) w.r. to 
the hermitian metric on E and the Riemannian metric on M. 

Weighted trace cochains vary with the weight; if (Q : x —> Q x £ Cl(M, E) is a smooth 
family of weights parametrized by a smooth manifold X then (Theorem 0: 


(dXn ) {A 0 ,---,A n ) 


1 

q 


[|a|]+dimM 

E 


1 * 1=0 


(_l)|fc|+!fc! 

(k + 1 )! 


n+1 

E res (^o ■ ■ ■ 

3 =1 


A (kj-1 
* A J -1 


(d$) {kj) Af i+l) ■ ■ ■ H( l fc "+ l) (Q^ |/c| - 1 ) 


(3) 


For n = 0, this gives: 

[o]+dimM , w . +1 

(dtr«) (A) = -■ ( -JTr Tes ( A ( d ^ {k) Q - * -1 ) • 

q fc=0 


In the family setup, to a fibration 7r : M —> X of closed Riemannian manifolds 
{ M x , a; £ X} modelled on M and based on a smooth manifold X together with a 
hermitian vector bundle IE —> M, we can associate a smooth fibration of algebras 
Cl(M, IE) modelled on Cl(M,E) with fibre over x £ X given by Cl(M x , Ej M x ). 
Given a smooth family of weights Q £ Q even (X, Cl(M, IE)), we define corresponding 
smooth families of (Q-weighted trace cochains (cto, • • •, ct n ) e-> X 2 p( a Cb ■ • ■,a n ) on 
ft IE)). When the fibration C7(M, IE) is equipped with a connection V 

such that locally, Vq = da + adg where 9 is a local Cl(M, E)-v alued on form, we 
express the covariant derivative of a weighted trace 2p-cochain as a linear combination 
of a finite number of Wodzicki residues involving powers of the weight (Q (Theorem 
0 3 : 


(Vx?) (ao, • • •, a n ) 

j [|o|]+dimM n+1 

q 


E lu ^(-l) l “ o|+ "' +l ^- l|+l ' c|+1 res (a 0 A a[ kl) A 
i*i=o (fe + 1 E=i 


AaJ.^r 0 A (V E " d Q) (fc3) A af i+l) A ■ • • A A Q _|/c|_1 ) . 


(4) 


For n — 0 this yields 


[a]+dimM t v I„I 

(V tr Q ) (a) = - • —T—i - res ( a A (V Srirf (Q) W A . 

9 fc=o ' 

Equation 0 shows that geometric discrepancies are also local in as far as they 
can be written in terms of a finite number of Wodzicki residues, thus generalizing 

3 Here again, we are assuming that Q is invertible, otherwise, provided its kernel defines a vector 
bundle, we can turn it into an invertible operator adding the orthogonal projection onto its kernel 
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observations already made previously m on the locality of obstructions of the type 
Vtr« = V Xo Q 

Cliern-Weil type (Q-weighted trace cochains X r ?(/o(0), • • ■, /„(fi)), where the /j’s are 
polynomial functions and fl = V 2 the curvature of V generalize the (Q-weighted Chern 
forms tr^(/(fi)) = Xo i (/(^)) discussed in [PR which occur in [F] in a disguised form, 
see ICITdIvipI . The above formula measures the obstruction to their closedness: 

[|d|-w]+n n+1 

= -• E TT-TTi E(- 1 )' fc|+lres (/o(«) A (/i(^)) (fel) A ' •' A 

q |fc|=0 ^ + ’’ j= i 

A (V E ” rf (Q) {fei) A (/j(n)) (fc ' +l) A • • • A (/„(H)) (fcn+l) (5) 

where |d| = with di the degree of the polynomial /,;. and w is the order of 

the operator valued 2-form fi. As expected, these obstruction vanish in the context 
of families of Dirac operators, replacing V by a Quillen-Bismut type superconnection 
A = V + -D ([0], |B| . see also jBGVj l and setting (Q = A 2 .This leads to characteristic 
classes built along a line suggested by Scott’s work [Sc and further developped in 

ESI. 
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1 JLO cochains on weighted trace algebras 

Let ( A , •) be an associative algebra over (C and let C n (A) denote the space of con¬ 
tinuous (D-multilinear valued forms on A® n+1 , which corresponds to the space of 
n-cochains on A. The Hochschild coboundary of an ?z-cochain \ n is an n + 1-cochain 
defined by: 


^Xn(^O) ' ' ' j Ai+l) — ^ 1 ' ' ‘ i Aj • Aj+ij ■ • ■ , j4 n _|_i) 

3=0 

+ (—l)” +1 x n (A„ + i • Ao, • • •, A n ). 

Since b 2 = 0, this defines a cohomology, called the Hochschild cohomology of A. In 
the following, we shall drop the explicit ■ in the product notation writing simply AB 
for A ■ B. 

Definition 1 A weighted tracial algebra is a triple ( A , Q,T) where A is a topological 
unital associative algebra, T is a continuous linear map on a non trivial ideal X of A 
and Q an element of A such that 

• T is a trace on X, 
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• the equation f^Ut = Q Ut with initial condition Uq = 1 a has a unique solution 

U t = e- tc ? e A, t > 0, 

• e ~ u ^ £ X for any 0 < t. 

Q is called the weight. 

Given a weighted tracial algebra (A,Q,T), we define a JLO type cochain UWi (see 
also f G-BVFi ): 


X n, Q (A 0l ■ ■ ■, A n ) := f du 0 --- du n T (A 0 e~ u ^ A ie ~ u ^ ■ ■ ■ A n _ ie ~ u ”-^ A n e~ u ^) . 
JA n 

Lemma 1 Setting ad^B := [A, B] we have: 


ad A e~ uQ = -u f dt e~ u A~ t ')Q (ad A Q) e~ utQ = u f dt e-“ (1 ~ t)0 ( 


ad qA) 


0 —utQ 


JO JO 

Proof: (see e.g. IQ-RVFh Differentiating the map u i—> [e , A] , we get 

(i + Q ) [e” uQ ^] = [AQ]e-“ Q . 

Solving this equation by the usual Duhamel formula for first order inhomogeneous 
linear differential equations gives [e~ u( ^,A] = /“ e~ s ®[Q, A\e~^- U ~ s ^ds. Substituting 
s = ut yields the above formula. 


As a consequence, we have 
Proposition 1 If n = 2k is even then 

b\2 /!,q(A 0 , ■ • •, A 2 fc+i) 
k 

= X2k+i,Q (A 0 , Ax, ■ ■ ■ , A 2j , a,dQA 2 j + i, A 2 j+2, - - ■, A 2k+ 1) 
j =o 

If n = 2k + 1 is odd, 

bX2k+i,Q(Ao, ■ ■ ■ ,A 2k+2 ) 
k 

= X2k+2,Q (A 0 , A i, A 2 j,adQA 2 j + i,A 2 j + 2, • ■ •, A 2k+2 ) 

j =0 

— X2fc+1,Q (A2fc+2 ■ A 0 ,Ax, ■ ■ ■ , A 2k + 1) - 

Proof: We carry out the proof in the even case. The odd case can be derived 
similarly. First observe that given weights Qo, ■ ■ ■ ,Q n £ A, we can define the n- 
cochain Xn,Q 0 ,--,Q n by: 

Xn,Q 0 ,-,QAA 0 , • • ■, A n ) := T (A 0 e- Q °A ie - Ql ■ ■ ■ A n _ ie ~ Q ^ A n e~ Q ") . 

A straightforward computation shows 

Xn,Qo,-">Qn (Af)? * ' ' i Aj — i Aj , • • • , A n ) — Xn,Qo,- -,Q n (Ao, * * * ? Aj Aj_|_i , • • • , A n ) 
= T(A 0 e~ Qo ■ ■ ■ Aj-xlAj^-^- 1 ] e~ Qj A J+1 ■ • • A n e~ Qn ). 
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Setting Qj = Uj Q it follows that 
bX2k,Q(A 0 , • • •, A 2k+1 ) 


= -J2 [ du 0 ---du 2 kU 2 jT(A 0 e- UoQ A 1 e- UlQ ■ ■ ■ A 2j - 

j — 0 J&2k 

■ ^ dte- U2 Ai-t)Q[A 2j+1 ,Q}e- u *AQy..A 2k+1 e~ u ™ Q ^ 

= - J2 f du V' du ™ I 21 duT (A 0 e~ u ° Q A ie - U ' Q ■ ■ ■ A 2j e^+^ Q [A 2j+1 , Q] 

j = 0 J^2k J 0 

• e~ uQ ■ ■ ■ A 2k+1 e~ u ™ Q ) 

k r> 

-J2 duo---du 2k+1 T(A 0 e~ u ° Q ■■■A 2j e~ u v Q [A 2j+1 ,Q\ 

j =0 dA 2k+1 

• e~ u ^+ lQ A 2j+2 ■ ■ ■ A 2k+1 e~ U2k + lQ ) 

k 

= yWq (An Ai, ■ ■ ■ ,[Q, A 2 j + 1], ■ • •, A 2k+ i). 

3=0 


2 Weighted trace cochains on pseudodifferential op¬ 
erators 

Let A = Cl(M,E) be the algebra of classical pseudodifferential operators (PDOs) 
acting on smooth sections of a vector bundle E based on a closed Riemannian mani¬ 
fold M and let T the ideal of smoothing operators equipped with the ordinary trace 
T = tr. Let Q G Cl(M,E) be an operator with positive scalar leading symbol and 
positive order q. Since its leading symbol is invertible, Q is elliptic. Then {A, Q,tr) 
is a weighted tracial algebra. We call the couple (Cl(M, E),Q) a weighted PDO al¬ 
gebra. Replacing Q by Q e := e Q for some fixed 0 < e < 1 in the JLO type cochains 
associated to the weighted trace algebra (.4, Q,tr), we define: 

Xn,Q(e)(A 0 ,-,A n ) = [ du 0 ---du n tr(A 0 e~ £UoQ A 1 e~ eulQ ■■■ 

Ja„ 

■ ■ ■ A n . ie ~ £Un - lQ A n e~ £U - Q ) . 

The following lemma is an immediate consequence of Proposition ^ applied to 

Qt = tQ: 

Lemma 2 Given a weighted pseudodifferential algebra ( Cl(M, E),Q), for any pseu¬ 
dodifferential operators Aq, ■ ■ ■, A 2p+ i in Cl(M , E) 

bX2p.Q(t)(A 0 , ■ ■ ■, A 2p+1 ) 

p 

= t ^2 X2p+i,Q(t) (Aq, Ai, ■ ■ ■, A 2 j,&&QA 2 j + \,A 2 j +2 , • • •, A 2p+ 1). 

3=0 


Definition 2 Whenever Q is invertible, the Mellin transform of Xn,Q is given by: 
X 2 k,Q(z)(A 0 , ■ ■ •, A n ) 
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1 f°° 

1 \ z ) Jo 

—E [ t z ~ 1 dt. [ duo ■ • ■ du n tr (A 0 e~ t ' UoC ^Aie~ t ' Ul< ^ 

r OO Jo Ja„ 

A n _ ie - t u ^ Q A n e~ t u ” Q ) . 


Remark 1 When Q is not invertible, since it has a finite dimensional kernel being 
an elliptic operator on a closed manifold, assuming that E comes equipped with a 
hermitian structure, we can take instead: 


Q • Q "f~ T^KerQ 


where 7TKerQ is the orthogonal projection onto the kernel of Q. In the following, we 
therefore assume Q is invertible unless otherwise specified. 


To state the next result, we need some notations. 

Definition 3 For j € IN and A in the weighted PDO algebra (Cl(M,E),Q), we set 
as in the introduction: 

Ag' := ad^(A), where ad q(B) = [Q,B ], 
so that Ag^ = I, ^lg +1) = ad^-A^) = [Q,A^\. 

We shall often drop the subscript Q , writing A^ instead of AqK It is useful to notice 
that since Q has scalar leading symbol then A^ has order a + j(q — 1) if a is the 
order of A where a the order of a. 

Proposition 2 Given any A 0 , ■ ■ ■ ,A n € Cl(M, E), the map z 1 —> x ni Q(z)(A 0 , ■ ■ ■, A n ) 
is meromorphic with simple poles. Its complex residue at z = 0 is given by: 

Res^oXn.Q^XA,, • • •, A n ) = i res (A 0 Ai ■ ■ ■ A n ). 

Its finite part at z = 0 called the Q-weighted n-trace cochain is given by: 

Xo( A o) ■= tr Q (A 0 ) := fp z —>0X0 ,q(^ 0 (2^0) 


when n = 0 and for any n € IN by 


Xni A 0 > ’ ‘ ’ 1 An) ■ — 


+ 


{p z =oXn,Q(z){Ao, ■ ■ ■, A n ) 

tr Q (A 0 A 1 ---A n ) 


1 

q 


[|a|]+dimM 

E 


^• 1=1 


(—i) |fc| (|fc| — 1 )! 
(fc + l)! 



where q > 0 is the order of Q, |a| := ao + • • • + a n the order of the product Aq ■ ■ ■ A n , 
[|a|] its integer part and where for any multiindex k = {k\, • • •, k n ) we have set |fc| = 
ki + • • • + k n , (k + 1)! = (fci + !)!••• ( k n + 1)!. 
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Remark 2 This proposition shows that Xn (A), • ■ ■, A n ) and tA (A 0 A 1 • ■ ■ A n ), which 
are two different ways of defining a ’’regularized trace’’ of the product Aq ■ ■ ■ A n , differ 
by a finite linear combination of Wodzicki residues. The first part of the proposition 
says that on the level of residues, it does not make any difference what regularization 
one considers. 


Proof: First observe that (see Appendix B) for each J € IN, there exist positive 
integers Ni, N 2 , ■ ■ •, N n such that 


Xn.Q (t) (A, A\, • • ■ , A ra ) 
JVl_1 Nn ~ X (_l)|fe| t |fc| 


E E ^rtr(A A^...A^e-^) +o{ t J ). 

i,_ _n ^ —n ' ' 


( 6 ) 


k i=0 k n — 0 


Hence, for each Re(,z) < A , we can choose the Nfs large enough so that the rest term 
vanishes in the following computations: 


Xn,Q{z)(AQ, ■ • ■, A n ) 


i r 

TT7 7 / t Z ~ Xn,Q(t)(A 0 ,---, A 2k +l)dt 

L \ z ) Jo 




(k + 1)! 


dtt 2-1 tr (A A[ kl) ■ ■ ■ A^e~ tQ 


ki=0 k n —0 VV ' ^ 

— V V ^ 1)|fc| [°° dttz+W- 1 tr( An A {kl) ■■■A( k "'>e- tQ ) 
_ v" V ( _1 ) |fc| T ( z + l fc l) TP (a Aki) ff k An- 


(7) 

r«-l —\j r ^ n—\j 

where TR stands for the canonical trace on all non integer order pseudodifferential 
operators. If |fe| = 0 then r (^+J^I) = \ an d this sum reduces to 

TR (A 0 4 fcl) ■■■A^Aq-*^ 

which is meromorphic with simple pole at 0 given by 

Res z= oTR. (Ag A\ • ■ ■ A n Q ~) = —res (Ag A\ • • • A n ). 


If \k\ 0 then r( p^~J ) fc|) ~ 0 (|fc| - 1)!^. 

Since the the map z i—> TR ^Ag A^ 1 ’* • • • A^ 71 ' 1 is also meromorphic with a 

simple pole at zero, it follows that when \k\ ^ 0, the expression 

TR (A ‘ ‘' An n ' > Q~\ k \~ z ^J converges when 2 tends to zero to (|fc| — 1)! 
times the complex residue at zero of TR (Ao Ai • • • A n given by: 

Res z= oTR(A 0 A^ l) ---A^)Q-l fc l- z ) = ires (a 0 A (kl) • • • A^Q~^ , 

and finite part tA(A 0 • • • A n ). 

Let us now check that the infinite sums are in fact finite. Since Q has scalar leading 



symbol, the operators AoA^ ■ • • An^Q-^ have order ^"=1 ai + YL \Li fo(<7 — 1) — 
\k\q = Y^i=i a i ~ X)T= 1 = M ~ |k| which decreases as the indices fcj increase. Since 

the Wodzicki residue vanishes on operators of order smaller than —dim M, only the 
terms in the the sum on the r.h.s such that |fc| < |a| + dimM survive so that the sum 
is indeed finite and stops at [|a|] + dim M. This ends the proof of the proposition. 

Theorem 1 Given any Ao, ■ ■ ■, A 2p+ i £ Cl(M, E), the coboundary 

z >-> bx2 P ,Q{z){A 0 , • • •, A 2p+ 1) 


is holomorphic at zero. Its value at z = 0 is given by: 

[|a|]+dim M — 1 


bX2 P (Ao, ■ • ■ ,A 2p+ i) — 


<7 


'.>i 

|fc |=0 ^ >' j =0 

/t( fc 2j) 2+23+1+1) 1+23+2) x+2p+l).Q-|fc|-l\ 

' ^2 j ^2j+l ^2j+2 ' ’ ’ ^ i 2p+l V J 


where |fc| := k\ + - ■ - + k 2p +i, (fc+1)! = (fco + 1)! ■ • ■ (fc„ + l)! and [|a|] is the integer part 
of \a\ := ao + • • • + a 2p +i which corresponds to the order of the product Aq - ■ ■ A 2p+ i. 

Proof: By Lemma 0 we have 


b X2 P ,q (t) (Ao, ■ ■ ■, A 2p+ i) 

p 

= t E X2 P +i,Q(t) (A 0 , Ai, ■ ■ ■, A 2 j, [Q, A 2 j + i], A 2 j +2 , • • •, A 2p+ i). 
3=0 

Using the results of Appendix B this yields: 


bx2k,Q(z)(A 0 , • • •, A 2p+ i) 
1 

m 


/»00 

/ dtt*- 1 bx2k,Q(t)(Ao, • • •, A 2p +i)dt 
Jo 


p oo 


■EE- E 




r(z) (fc +1) 

v J j —0 fci=0 k 2 p + 1=0 v ' 

Ak 2 j+ 2) Jk 2p+1 ) tQ\ 

^ 2 j +2 ' * * ^2p+l e J 


roo 

y J dtt z+ W tr (a 0 A { ^ ] • • • [Q, A 2j+1 }^+^ 


P OO 


EE--- E ( ~ 1)lfc|+1 r^ + N + ^ TR 


j =0 fci=0 fc2p+i=0 


(fc + 1)! 


T(z) 


(- A 0 A[ k 


•••A. 


(* 23 + 1 + 1 ) 

2 j+l 


A (*23 + 2 ) A (*2p+l) — (JE —|— | /c | —|— 1) A 

^2j+2 ' ' ' ^2 P +1 V J ■ 

Since = |fc|! • z for any multiindex fc (including the case |fc| =0) and since 

TR (a 0 A {kl) ■ ■ ■ A^ 2i) A^ 2 ff 1+1) ■ ■ ■ A i 2 k p 2 f+ l) Q~( z + l fc l+iA has a simple pole at zero 

given by |res (a 0 A {kl) ■ ■ ■ Ag 2 _,!+ 1+1) • • • A { 2p 2 _f+ l) Q~^ k I+ 1 )), it follows that 
bX 2 k,Q{z)(A 0 , ■■■, A 2p+ 1 ) converges to 


1 00 7 | P 

lim6x2fe,Q(z)(Ao,---,A 2p +i) = - ^(-!) |fc| + ., E res (^° 

q fe =0 ^ >' j =0 

,1+23 + 1 + 1) +(*23+2) a +2p+l) —1\ 

' J± 2 j +1 Ji 2 j +2 ' ' ' ^2 P +1 V J ■ 
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To finish, let us check that the sum on the r.h.s is finite. Because Q was chosen with 
scalar leading symbol, only the terms such that a-i + q — 1 + YJoL o 1 &*(? — 1) — 

q\k\ — q = |a| — |fc| — 1 > —dim M survive i.e. such that |fc| < |a| + dim M — 1, which 
ends the proof. 

Remark 3 For p = 0, the above proposition yields: 
bt^(A,B) = b Xo {A, B) 

[a+6]+dimM—1 . 

= j E b_L res (xb(‘+'> <r‘-' 

q k—0 

where a is the order of A, b the order of B. This formula which seems a priori more 
complicated than the more compact formula f MAf . \CDMPf : 

btr Q (A,B) = -ires(A [log Q,B}) 

bares over the latter formula the advantage that it does not require computing the 
symbol of the logarithm of Q. 

Corollary 1 Given any Aq, ■ ■ ■, A 2p+ i £ Cl(M,E) with orders a$, - ■ ■ ,a 2p +\ such 
that [|a|] < —dim M then 

b X2 P {Ao, • • •, A 2p+ \) = 0. 

In particular Q-weighted trace 2p-cochains yield Hochschild cocycles on the subalgebra 
Cl. — dimM 

— 2p+2 

Proof: This follows from the fact that the residue terms in Theorem |T| then vanish 
because a Wodzicki residue vanishes on pseudodifferential operators of order smaller 
than — dimAf. 

Remark 4 Notice that, with the notations of the introduction, the inclusion Cl(M, E )n 
l 2p+2 {L 2 {M,E )) c C7<_ dimM (M, E ) is strict. 

— 2p+2 

3 Varying the weight 

Let us now consider a fixed associative unital topological algebra A together with an 
ideal I equipped with a trace T and a smooth family of weights <Q : a: i— Q x £ A 
so that for any x £ X, the triple (A, Q x , T) is a weighted tracial algebra. We set for 
Xn £ C n (A): ' 


(*tXn) (^0; ' ' ‘ j A n ) 


J (Xn.(^0j ' ' ' i A n )) 
n 

'y Xn ( Aq , ■ • ■, d Aj , Aj- |_i, • • ■, A n ) 
3=0 


where Aq, ■ • •, A n £ C°°(X, Cl{M , E)). This defines a C n („4)-valued 1-form on X. 

Lemma 3 

de~ t<Si = -t[ dwe- t(1 -“ )(Q AdQAe““ taj . 

Jo 
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Proof: Take V u = e~ uQ e ~<.i-u)(,<Sl+d + Then 
d 


du 


V u = -(Qe“ uQ e- (1 “ ,l)(<e+d<Q) +e-“ <e (Q + rf(Q)e“ (1 "“ )(<13+d<R) . 


Integrating this from 0 to 1 yields 

de-® :=e -Q -e _(Q+dQ) = [ due"“ Q d(Qe" (1 ““ )(<e+dQ) . 

J o 

Replacing (Q by f Q and making the adequate change of variable then yields the result. 
Proposition 3 For any Aq, • ■ •, A n £ fi(X, A), 

n+1 

(dXn, q) (^)(-^ 0 j * ’ ' 5 -^n) = t ^ ^ Xn+1,Q (-^0» -^-li ' ’ * 5 —1? ^ ^j? ’ * * j ^n) 5 

3 =1 

where d (Q stands at the j-th position. 

Proof: Since any power e _1 + 0 < u < 1 lies in X, so does the product 
+ e~ u °® Ax e~ Ul ® ■ ■ ■ A n e ~ u " Q lie in X. 

We can push d through the trace T in the subsequent computation and use Lemma 
0 to express de~ u< ^\ 

d (T(v4oe-“ 0<e v4ie-“ lQ • • • Aj e~ u ^ A j+1 ■ ■ ■ A n e"""®*)) 

n 

- J2 T ( A ° e ~ U0<SiA i e ~ Ul,Si ■■■dA j e~ u ^A j+ 1 ■■■a n e~ u ^) 

3 =1 

= T(d (^ 0 e" Uo<e v4 1 e-“ lQ ---^e-“^^ +1 ---yl n e-“'‘ <e )) 

n+1 

- ^ T (+> e"" 0Q Ax e~ Ul Q • • ■ d Aj e~ u * ^ A j+1 ■ ■ ■ A n e~ Un Q ) 


3=1 

n+1 


= T (Aq e~ u ° ® A\ e~ Ul ^ • +_i d (e“^'- lQ ) +•••• + e - ""®*) 


3=1 

n+1 




1 e 


-mi Q 


. 7=1 


•+_i dMe-^- l(1 -“ )<R d(Qe-“^- 1<e ^ + ++i • • • A n e ~ Un ^ . 


Replacing Q by t Q we then integrate over the simplex A„; the integration 


J o 


inside the above expression gives rise to an integration on the simplex A„ + i and 
yields the result. 
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4 Comparing weighted trace cochains for different 
weights 

Let us consider a fixed pseudodifferential algebra Cl(M , E), where as before tt : E —> 
M is a hermitian vector bundle on a fixed closed Riemannian manifold M , and a 
smooth family (Q : ar i—^ Q x £ Cl(M,E) of pseudodifferential operators with positive 
scalar leading symbol and constant order q parametrized by a smooth manifold X. 
Their leading symbol being invertible, these operators are elliptic. This gives rise to 
a smooth family of weighted pseudodifferential algebras 

(A = Cl(M, E), Q) := (A, Q x , x€X). 

Given any A 0 , ■ • •, A n £ C°°(X , A), for any e > 0, Xn.aAXA, • • •, A n ) is a smooth 
function on X defined at point x £ X by Xn,Q x (e)(A> • ■ ■, A n ) and x„,q(A, ■ ■ ■, A n ) 
is a smooth function on X defined at point x by Xn,Q x (An • ■ ■, A)- 
Let us assume that (Q is invertible. Otherwise, provided Ker Q defines a vector 
bundle, we can replace (Q by Q + 7 Txer q where nx e r q is otrhogonal projection onto 
the kernel bundle. We can therefore apply the result of the previous section to 
every Q x ,x £ X, which yield that for any A 0 , - ■ ■ ,A n £ C°° ( X , C7(M, IE)), the map 
z e-> Xn,aj(z)(A)'' ‘ iA n ) is meromorphic with simple poles. Its complex residue at 
z = 0, which is independent of x £ X is given by: 

Res, =0 Xn,Q(z)(A, • • •, A) = ^ res (A A, • ■ •, A) 

and its finite part, which we call the Q-weighted trace cochain is a smooth 
function on X given at each point x £ X by 


Xn. x (An ' ‘) Ai) 

= tA* (dg A\ ■ ■ ■ Ai) + 


[|a|]+dimM 

E 

ifci=i 


(-l) |fe| (|fc|-l)! 
(jfe + 1)! 


res (A4 fcl) •• ■A?’') 


where |a| = or< i(^i) a R d where for any multiindex k = (hi, • • •, k n ) we have set 
\k\ = ki + ■ ■ ■ + k n , k\ = k\\ - ■ ■ k n \. 

Theorem 2 The map dXn,<Q holomorphic at zero and for any Ao,---,A n £ 
C°°(X , A), it is by: 


( d Xn) (A,-", A) = lim (dXn,<n){z)(ao,---,a n ) 

z—> 0 


’|a|]+dimM 


E 


(-i)i fc i +i k\ 


n+1 


(k + 1 ). 

|fe |=0 V ’ 3 =1 


rE res ( 


A 0 A[ kl) ...A 


(kj— i ) 
3~ 1 


(kj) j\(kj+ i ) 


(dQ) w; A' 




where we have set |a| = °rd(A); [|«|] to be its integer part, and \k\ = k\ + • —|- 

kn +1 • 


12 



Proof: By Proposition^ we have: 


Xn,Q(^)) (-A.O 7 ' ‘ * 5 A n ') 

n+1 

= ^ ^ ^ Xn+1,Q(0 (^O? Ai, ’ * * , d (Q, Ay, * • ' , A. n ) , 

3 =1 

where we have inserted d Q at the j-th position. It follows that 


(^Xn,<E)(- 20 ) * ' ' 7 A n ) 

/n I 1 


r(z) ^+ 

.7=1 


/»oo 

;_1 ^0 


n+1 oo cx) / 1 x|fc| «oo . 

EE - E ++ *«~ w *' *4“>- 

j=1 k-\_—0 fc n +1=0 v ’ 


r 0) 


X-l _l) (rfQ) (fei) X fc ' +l) --- A n n+l)e_t<Q ) dt 


n+1 oo 


V V (-i ) |fe|+1 I+ + |fc| +l) / ( fcl ) 

- LL- X 7fc++r—f+—™^o + 


j — 1 fcl =0 fcn + l—0 


■ • X-i 1 ( d ( R) (fc " ) +' fcj+i) • • • yy +i) Q-( z +i fe i +i )) 


where we have used Appendix B in the first equation. 

For any multiindex k (including |fc| = 0), r ^p|+^ = |fc|! • 2 . Since 

TR (+4 fcl) • • • Af j - l] (d(Q) (fei) A+ +l) • ..+ fc n+i)Q-( z +l fe l+ 1 A 

has a simple pole at zero given by 

I res (A 0 A[ kl) ■ ■ ■ Af ] ~ l] (ri(Q) (fcj) Af j+l) • • ■ A++i)q-(I* : I+ 1) ) , 

it follows that (dXn.Q) ( 2 )(A 0 , • • •, A n ) converges to 


lim (dxn,<n{ z )) (+>>••■,+) 

z—>0 


n+1 


A 0 A^ 


E- A <-F*' + '(+^E-( 

fc 1= 0 fc„+i=0 v ’ j=1 

• ■ • Ay- l} (d(Q) (/Cj) A^ +l) • • • A++ l) (Q- |fe| - 1 ) . 


Let us now check that the sum over k is finite. Since d Q has order bounded by q , the 
operator valued 1-form A 0 A^ 1} ••• (dQ) (fcj) Af j+l) --- A+ +l) Q-l fe l“ 1 has 

order with upper bound |a| + q + \k\(q — 1) — q(\k\ + 1) = |a| — |fc|. The sum over the 
multiindices k therefore goes up to [|a|] + dim M. 

Corollary 2 Let E),Q o) and (Cl(M, E),Qi) be two weighted pseudodiffer¬ 

ential algebras with Qq and Q i of same order q > 0. Then 

Xn 1 ( A 0, •••+„) - Xn° (+>■•', An) 
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[|o|]+dimM 

-• E (-i) 1 ^ 1 

9 1E0 


A 


(kj — \ 
3 -1 



7 I n+1 

WttjtE/ d ‘ res M M '" 


Proof: This follows from applying the above theorem to X = [0,1] and a smooth 
family Q t interpolating Qo and Q\. 

Remark 5 77ie one parameter family Qt := Qo _t Qi>i £ [0,1] interpolates Qo 
and Qi and each Q t is an elliptic operator with positive scalar symbol <JL{Qt ) = 
TlCQo) 1-4 TeXQi) 4 - Since 

2 jQt = -logQoQt + Qj _t logQiQ* = -logQ 0 Qt + Qt logQi, 

integrating on [0,1] we ge£: 


Xn,Qi (-4-0) ‘ * j -4.n) Xn,Qo (4-0? * * * ? 4 n ) 

'Ja|]+dimM 7| n+1 r \ 


l(*i) 

M 


X-r l} (- logQo Qt + Qt logQi) (fe3) X fc ' +l) • • • 4 fen+l) Qt“ |fc|_1 ) 

[|a|]+dimM n+l „i 

X-'r l} (-(logQo) (fcj) Qt + Qt (logQi) (fci) ) ^ +l) .--4 fc »+ l) Q t - |fc| - 1 ) 


|a|]+dim M 


E (- 1 ) |fc| 


k\ 


dt res 


| fc|=0 




( fc l) 


(fc + 1)! J 0 

X-r l} (iogQ 0 ) (fcj) X fc ' +1+1) -- - ^ n+l) Qt“ |fc|_1 ) 


|a|]+dim M 


E (- 1 ) |fc| 


As! 


| fc|=0 


(fc + 1)! 7 0 


dt res 


(E4 fel) 


X-r i} (iogQ 0 ) (fcj) X fc ' +l) X+r +1) X+2 +3) ••• 4f n+i) Qt“ |fc|-1 ) 

[|a|]+dimM 


E (- 1 ) 1 " 1 


fc! 


|fe|=o 


(fc + 1)! y 0 


dt res 


(E4 fcl) 


4_r l} (logQo) ( ^ ) Af i+l) X+ 1 +2) • • • E fen+l) Qt“ |fc| 


X?'-i 

|a|]+dim M 


E (- 1 ) |fc| 


fc! 


| fc|=0 


(k + 1)! J 0 


dt res 




(fei) 


X-l" 1 + 1) (logQl) (fej) X fe ' + l) -- - ^n n+l) Qt _|fc|_1 ) 
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+ 

+ 

+ 


|a|]+dim M 

E (- 1 ) |fc| 

| fc|=0 


k\ 

(k + 1)! 



a (kj -2 + 1 ) 

A j -2 


4-r° (iogOi) (fej) E' +l) 


j( fc i+2) ^(^j+ 3 ) —l\ 

^E'+l J± j +2 ’ * ' Vt J 


E (-D 

ifci= 


k\ 

(k + 1)! 



4_r } (iogQi) (fei) 4 fc:,+i) a^ +2; 


a i+i 


J^(kn+ 1 ) 


QE 1 ) 


where we have used the fact that [Q t ,log QoQt] = [Qt,logQo] Qt and [ Qt,Qt logQi] = 
Qt [<5t,logQi]. Since Qt has scalar leading symbol, and since <j(\ogQ t ) = qlog |£| + 
cro(logQ t ) where <7o(log Qt) is a classical (local) symbol of of order 0, (logQo) < ' fej ' ) has 
order kj(q — 1). The order of the expression inside the Wodzicki residue is there¬ 
fore |a| + |fc| (q — 1) — q |fc| = |a| — |fc|. As a consequence, the sum over |fc| stops at 
[|a|] +dimM since beyond that |a| — |fc| < —dimM. 

5 Fibrations of weighted trace algebras 

Let now A —> X be a smooth fibration of associative algebras over (D based on a 
manifold X equipped with a connection V. The previous section took care of the case 
when the fibration is trivial and V = d. Let C n („4) —+ X denote the corresponding 
fibration of spaces of n-cochains on A. It is equipped with the induced connection: 


Xn](cxo, - ■ ■ ,a n ) := d[x n {ot 0 , •••,«„)] 
n 

- E(- 1 ) |Qol+ ' " +|QJ - ll XnK, • • •, v aj,a j+ 1 , • • •, a n ), 

3=0 

where oto,---,a n £ fl(X, .4), the space of forms on X with values in A. It takes 
k- forms with values in n-cochains to k + 1-forms with values in n-cochains. 

Definition 4 A smooth fibration of weighted tracial algebras is a triple (A, Q,T) 
where T :I->Xx(C is a bundle linear mophism acting on a bundle T —► X of 
fibrewise ideals of A and Q an element offl 2p (X,A) for some non negative integer 
p, that satisfies the following requirements: 

1. T is fibrewise a trace on I, 

2. For each x € X, and for any U±, • • •, U 2 P £ T x X, ( A x , Q x (Ui, ■ • ■, U 2 P ),T X ) is 
a weighted trace algebra, 

where we have extended T to X-valued forms on X. (Q is called the weight. 


Remark 6 When the fibration A —> X is trivial, T can be taken constant so that 
choosing p = 0, we recover the framework of the previous section, namely ( A , (Q,T) 
where A is a fixed topological unital associative algebra, T a trace on a non trivial 
ideal X of A and Q : X —> C°°(X, A) a smooth family of weights. 
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To a smooth fibration of weighted tracial algebras we associate smooth families of 
cochains: 


Xn. (Q (®0) ' ' ' ) Otn) 

:= [ *0 ' •' An T (a 0 A e“"° ^ A Qi A e“"‘ ^ A ■ • • A a n _i A e"""- 1 ^ A q„ A e““" Q ) 

which are fibrewise defined using T x on the fibre. 

Lemma 4 If the connection V is induced by a principal bundle connection so that 
locally, V = d + ad g where 9 is a local A-valued one form, then 

dte- u{1 - t] ^ AVQAe-"^. 

J o 

Proof: Combining Lemma 0 with Lemma [l| yields: 

Ve- U<e = de-“ <e + [6»,e-“ <Q ] 

= -u [ dte- u(1 - t)tl Ad® Ae~ utai -u [ dt e -“ (1 - t)I3 A ad e Q A e -“ t<e 

Jo Jo 

= -u f dt e - “C-*)Q a dQ A e _ “ t<13 — uf dt A [0, Q] A e~ ut<Si 

Jo Jo 

= -u [ die-“ (1 - t)JJ AVQAe-“ t(R . 

Jo 


As a consequence, 

Proposition 4 Given a smooth fibration of weighted trace algebras ( A , Q,T) based 
on X equipped with a connection V such that [V T] vanishes on I, then for any 

ao? 5 a n n(A, AI ), 


Xn, <e] (d!0j ‘ * j Otrf) 

n +1 

= ^(-l) l “ ol+ '-- +l “^- 11 +1 Xn+i,Q (<*o, ai, ■ ■ ■, Oij- 1 , V Q, aj, ■■•,a n ) 

o =i 

where V (Q stands at the j-th position. 

Proof: Since any e _u<13 , 0 < u < 1 lies in X, so does ao A e _ “ 0<13 A ct± A e _ “ 1<13 A • • • A 
Oj A e~ Uj ^ A Oj+i A • • • A a n A e - “ n ^ lie in T. Since VT vanishes on J, it follows that 
we can push V through the trace T in the subsequent computation using Lemma 0] 
to express Ve _ “ 3 < ^: 

V (T (a 0 • e-“ oQ A oq • e~ Ul<Si A • • • A ay A e~ Uj ^ A a j+1 A • • • A a n • e”"" 03 )) 

n+1 

^(_l)KI+-+K-il T ( ao . e -no<Q a ar A e-“ 1<e A • ■ ■ A Vay A e"^® 3 A a j+1 A • • • 
i=i 

■■•Aa^Ae-"” 13 ) 

= T (V (a 0 A e-“ 0<e A ai A e -“ 1<13 A • • • A aj A A a i+ iA 

■••Aa n Ae-“^)) 
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A ... 


n+1 

- ^(-l) | “ o| +-+ | “i- l| T(a 0 Ae““ 0<e Aon -e““ 1<Q 
j= i 

■ ■ • A Vaj A e - ^ ^ A a J+ i A • • • A a„ ■ e~ Un< ^) 

n+1 

= ^(-l) |aol+ '" +|aj - l| T(a 0 Ae““ 0<e Aai • e~ Ul ^ A • • • 

3 = 1 

• • • A OLj-x A Ve _ “ J_103 A olj A • • • A a n A e _ “" + 

n+1 

= ^(-l)l“°l+"-+K-- 1 l+ 1 Uj _i T (a 0 A e"“ 0<Q Aai A e““ lQ A • • • A a 3 -x 

3 =1 

aQT dt e _u J- l(1_t)< ® A VQ A A aj A e"“^ A a j+1 A 

• ■ • A a n A e _ “” + . 


Integrating over the simplex A n , the integration f Q dt A V(Q A 

inside the above expression gives rise to an integration on the simplex A n+ i and 
yields the result. 

Corollary 3 Given a smooth fibration of weighted trace algebras (A, Q,T) based 
on X equipped with a connection V such that [V T] vanishes on I, then for any 

oto, ■ • •, a. n € Q(X, A), 

d {Xn, (Q+ 0 ; * 5 CXnf) 

n 

= ^(-l)l a °l + -l^- 1 l Xn, q («o, Oil,---, otj-1, Vq!j, a j+1 , ■ ■ ■, a n ) 

3 = 1 
n+1 

+ ^(-l)l“°l+--+l a A + 1 x n+liQ (a 0 , a x ,---, aj-i.VQ, ay, •••,«„) 

3=1 

where V (Q stands at the j-th position 

Proof: This follows from the above proposition combined with the fact that: 

d (Xn.Q+O) - ‘ ‘ , Cfo)) 

n 

= ^(-l) l “ ol+ '"+l Q ^- 1 l Xn,<n («o, ocx,---, oij-x, Vaj, • • •, o 2 fc+i) 

3=1 

+ [VXn,Q](«0,"',tt n )- 


6 Weighted trace cochains for families of pseudod¬ 
ifferential operators 

Consider a smooth fibration of smooth closed Riemannian manifolds n : M —► X 
with fibre M x above x £ X and a smooth (possibly Zl^-graded) vector bundle IE on 
M. Let 8 := 7 r* IE denote the (possibly /Z 2 -graded) infinite rank vector bundle with 
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fibre above x given by C°°(M X , 3E| M ). Assuming that IE is a hermitian bundle and 
combining the hermitian structure on IE| M with the Riemannian structure on the 
fibres M x yields an L 2 structure on the fibres of £. 

This geometric setting also gives rise to a smooth fibration A := Cl(M, IE) —> X 
of vertical classical pseudodifferential operators with fibre above x £ X given by 
A x := Cl (M x , 1E| M ). There is a natural fibration of smoothing operators X —> X 
with fibre above x € X given by the algebra X x of smoothing operators on M x and 
there is a smooth fibre bundle morphism tr : X —► X x (D defined by the ordinary 
trace tr x on the ideal X x . 

Let (Q £ £l 2p (X, A) for some non negative integer p, be a Cl(M, IE)-valued even form 
such that 

Vai € X, V U \, • • •, Ui p £ T x X, Q(C7i, • • •, U 2 P ) is a weight of constant order q. 
(A, Q, tr) defines a smooth fibration of weighted trace algebras since 

1. tr is fibrewise a trace on X , 

2. for each x £ X, and for any U\, ■ ■ ■, L^p £ T x X, (. A x , Q x (Ui, • • •, U^p), tr x ) is a 
weighted trace algebra. 

We get this way a smooth fibration (A, Q) of weighted pseudodifferential algebras 

( A Xl Qx) 5 £ A”. 

Definition 5 Given any ao, - ■ ■ ,a n £ Cl(X, A) set for any e > 0 

Xn.Q^Xao, ■•■>««) := / du 0 • • • du n tr (a 0 A e~ eu ° Q A au A e~ eui Q • • • 

J A n 

a n -i A e”™”- 1 ® A a n A e~ eUn <Q ) 


and let Xn,Q be its Mellin transform: 


Xn, (Q (~) (GO; ' ' ' > Gjj) 

1 

rW 


f dtt z 1 f dug ■ ■ ■ du n tr (ap A e tu ° ^ A a\ A e tUl ^ • • • 
Jo J A„ 


C^n —1 A 6 


4 ^ A a„ A e ~ tu n <Q) . 


A connection V on £ induces a connection V End on Cl(M, IE) which relates to V by 
V End a = [V, a] , Va G Q(X, Cl (M, IE)) where the bracket is a/Z 2 -graded bracket. 

Proposition 5 For any op, ■ ■ ■ , a n £ f2(X, Cl(M, IE)), 

(VXn,<u)(f) (go, ■■•,a n ) 

n+1 

= t ^(-l) |Qol+ '" +|a;, - l|+1 x„ + i,Q(Go, • • •, atj- 1 , V E " d Q, o.j ■ • •, a n ) 
j=i 

where X End< £l is at the j-th entry. 
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Proof: Since X is equipped with the ordinary trace tr which commutes with exterior 
differentiation and vanishes on brackets, for all a £ f l(X,X) we have 

(V tr) (a) := dtr(a) — tr (V End a) 

= tr(da) — tr ([V, a]) 

= tr(da) + tr([0, a]) — tr ([V, a]) 

= 0 


where we have locally written V = d + 0, with 0 a local one form with values in 
Cl(M,E). Hence V commutes with tr on X. Applying Proposition Q] to t Q then 
yields the result. 

When (Q is a family of invertible operators we can apply fibrewise the results of the 
previous sections to prove the following result. 


Theorem 3 Given any ao, ■ ■ ■ , a n £ H ( X , Cl(M, IE)), the map z i—» Xn.Q(~)(o : o, • • •, a 
is meromorphic with simple poles. Its complex residue at z = 0 is given by: 

Res z=0 (Xn,Q(A)(o:o, • • •, a n )) = - res (a 0 A aq A • • • A a n ) 


and its finite part, which we call the Q-weighted trace cochain by 


XrP+Oj ' ' ' j ot n ) 


{Pz=oXn,<n(z)(a 0 ,---,a n ) 

t+ (cco Aai ••• A a n ) 


|a|]+dimM 

E 

ifci=i 


^ 1 (A- +^1)! ^ r6S ( a ° A Q l fcl) A " ‘ A a n ^ A 


where |a| = ]C"=o 01 'd( a i) an d where for any multiindex k = (fci, • • •, k n ) we have set 
\k\ = k\ + • • • + k n , k\ = k\\ ■ ■ ■ k n \. 

Furthermore the map (V Xn, q(^)) is holomorphic at zero and for any ao, ■ ■ ■, a n in 
Cl(X,Cl{W, IE)) 


(VXn) (ao,---,a n ) 

= lim (Vx n ,(u(z)) (a 0 ,---,a n ) 

z—> 0 


j [|o|]+dimM 


n+1 


E 


q *—' (k + 1)! 

y |fe|=o v ' j =i 


^(_l)l«o|+-+|af-i| + |fc|+l res A a ( fc i) A . . . 


• • A A ( V End <Sl) (kj) A af j+1) A • • • A a^+ l) Q" |fe|_1 ) 


where we have set |a| = ord+j), and [|a|] to be its integer part, and \k\ = 

k\ + • • • + fc n +1 ■ 

Proof: The first part of the theorem follows from Proposition^ applied to each fibre. 
Proposition [5] yields the second part of the theorem. By Propostion [5] we have: 

(Vx„,Q(t))(ao,---,a!„) 

n+1 

= t ^(-i)l“o|+-H>i-i|+i£ n+ 1 )Q (i) (a 0 , ai, • • •, a^-i, V Bnd Q, aj, ■ ■■, a n ), 

.7=1 
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where we have inserted V £ ' n,d (Q at the j-th position. It follows that 
(VXn,Q(z)) (a 0 , • • •, a n ) 


1 


r 0) 

1 


U-\-l «oo 

. y'(_l)|ao|+-+|a 3 -i|+l / t z dt ^ n+1 Q (a 0 , . . . ; aj _ 1: V £nd (Q, ctj, ■ • • , a„) 
;_ i JO 


j= 1 

n+1 oo oo / i \ Ifcl 

aoH- \-\aj — i | + 1 \ ' \ ' v 


E(-D |c 


E- E 


r ^i=l ki—O fe n+1 = 0 ( fc + 1 ) ! -/o 


) . 

dti* + l fc l tr ^a 0 A aE A 


n+1 


= E(-d 


A c^-E A (S7 End <$l) {kj) A af J+l) A ■ • • A a+ +l) A e"‘ Q ) 

(-l)l fe l r(^+ |fe| + 1) / (fc o A 

IK ao AaJ A ■ 


|aoH-"+|aj-i| + l 


E - E 


{k + 1)! T(z) 


j — 1 fcl =0 ^ 71 + 1=0 

• • • A aJiV A (V B7ld (Q) (fc3) A af j+l) A • • • A a++ l} A q-(*+W+iA . 


For any multiindex k (including |fc| = 0), r E(t') + ^ = 1^1- ’ Since 

TR (a 0 A a[ kl) A • • • A (\/ End (^) ikj) A af j+l) A • • • A o+" +l) A Q~( 2 +I fe l+ 1 )^ 
has a simple pole at zero given by 

i res (a 0 A a[ kl) A • • ■ A af 3 ’ 0 A (V S7ld Q) ^ A af 3+1) A • • • A a£ fc "+° A (Q-(l fe l+ 1 )^ ; 
it follows that (V (« 0 ; • • ■, a n ) converges to 


lim (Vx„.(q(z)) (a 0 

z—>0 


i OO OO j | 

- £ (-A 11 

k± —0 fc n +i=0 


n+1 


( fc + Y)T E(- 1 ) l “ ol+ '" +l “ i " ll+lres (“0 A a[ kl) A • ■ • 

A cEE A (V' End Q) (;C3 ' ) A af 3+1) A • • • A a+ +l) A . 


Let us now check that the sum over k is finite. Since V £ ' nd Q has order bounded by 
q, the operator valued form ao A aE A • • • A a jj?E A (V Brad Q) ^ A a^ fcj+1 ' ) A • • • A 

c+ n+1 ) Afl+kl' 1 has order with upper bound \a\ +q+ \k\(q — 1) — q(\k\ + 1) = \a\ — |fc|. 
The sum over the multiindices k therefore goes up to [|a|] + dimM. 

Remark 7 For n = 0 this yields 


(Vtr+(a) = (v Xo Q )(cO 


[a]+dimM 

E 


(l)l«l+fe+ijfc! 


k =0 


9 (* + i)! 

It compares with a formula derived in \ani by other means and used in TPflU : 
(vE) (a) = (~ 1 ) |a|+1 res ( a A V £rld log Q) 
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which is more compact but more awkward to handle because of the presence of a 
logarithm. 

Corollary 4 Given any ao, ■ ■ ■, a n G ft ( X , C7(M, IE)), 

d (Xn(ao,'-',a n )) 
n 

= 5Z( _1 ) |Qol+ +|a ' _ll ^( ao >" ■ > n J 4- v, '"' /o .;- • i • ■■•“») 

3=0 

[|a|]+dimM dimM+1 

+ E TfcTlV (-l)W + ''^ 1 l+ines(aoA Q f l) A... 

^ |fe|=0 V h 3 = 1 

• • • A ajE 0 A (V Bnd Q) (fcj) A af i+l) A • • • A A . 

/n particular, when [a] < —n, then V ” commutes” with \n : 

d (Xn( a o,---,at n )) 
n 

= ^(- 1 ) | “ o| +-+ | “i- l| x «(a 0 , • • - V Bnd aj,a,-+i, • ■•«„). 

3 = 1 

Proof: The first part of the Corollary follows from the above theorem combined with 
the fact that 

n 

d (Xn(«o ,---,a n )) = ^(-l) | « o| +'"+ | “3- l| x^(a 0 , • • •, a j+1 , .••«„) 

3=0 

+ [VXn] ( Q o,"’,a n ). 


The last part of the corollary then follows. 

Remark 8 In particular, this formula yields that is covariantly constant on 

n (x, ci ^ _ dim Af (M, IE)^ which corresponds to classical pseudodifferential valued forms 

with values in operators that lie in the Schatten class T n +i (T 2 (M, IE))) where 
(L 2 (M, IE))) —> X is the smooth fibration with fibre above x £ X given by L 2 (M X , E\ M ). 


7 Chern-Weil type weighted trace cochains 


We continue in the same geometric setting as in the previous section keeping the 
same notations. 


Theorem 4 Let fi,i = 0, ■■■n be polynomial functions, then the Chern-Weil type 
weighted trace cochain X^(/o(^)j • ■ ■, /n(fl)) is generally not closed and we have: 


dx*(/o(fi), ■■■,/»(«)) 

i [|dM+dimM ^Ofei+i ^ 

1 £ ( fc + !) ! 


n+1 

E/ res (/o(^) A (/i(H)) 


3=1 


(fcl) 


A ... 


A (f j - 1 (Cl)) {kj - l) A (V Bn<1 Q) (fci) A (/j(fi)) {fcj+1) A(/ n (P)) {fc " +l) A 
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where |d| = ^"=0 di with di the degree of the polynomial fi, and uj is the order of the 
operator valued 2-form D. 

Remark 9 • Forn = 0, the weighted Chern-Weil type forms investigated in EEP 

read: 

tr 

The obstruction to their closedness which follows from the above theorem is 
given by: 

1 PI“]+ dim M , , fc+ i | 

dtr«(/(n)) = - • £ — k+1 —" r6S ( fo{n) A (V End ty A 

which compares with the more compact but maybe less tractable formula ESP- 
dx!?(fm = (/ 0 (fi) A V E " d logQ) . 

• As already observed in ESP m f/ie case of ordinary weighted Chern- Weil type 
forms, the above theorem tells us that the more negative uj-\d\ becomes, the fewer 
will be the terms that obstruct the closedness. We come back to this below. 

Proof: Differentiating xj(/ 0 (fl), ■ • •, /„(fl)) yields by Corollary^] 

d X %(f 0 m,---,f n m 

[|o|]+dimM n+1 

= ( k nil X!(~ 1 ) |fc|+lres (/o(°) A (A(^)) (fcl) A • • • A (/j_i(»)) (fcj - l} 

q |fc|=0 1 + A j=l 

A(V Bnd Q) (fci) A (/j(n)) (fc,+1) A--- 

' ‘' A (/„(D)) (fe ” +l) A (Q _|fe|_1 ) 


where we have used the Bianchi identity 'V End fl = 0 to cancel the terms 
X$ (/o(fi), • ■ ■, //-i(n)) and V End fj(Fi), /j+i(fi), • • • /„(«)). 

Corollary 5 Let D Ziave integer order u < 0, then any polynomials fi, i = 0, ■ ■ • n of 
orders di,i = 0, • • •, n large enough so that |d| > — d ™ M give rise to closed Chern- 
Weil type weighted trace cochains x^(/o(ft), • • •, /„(D)). Moreover, if Q 4) t G]0,1[ is 
a smooth one parameter families of weights with constant order q and V t , t £]0,1[ a 
smooth family of connections, the curvatures of which have constant order c 0 , then 

1 n \dj\ 

- X 5(/o(n t ), ■ • •, f n {Qt)) =dJ2J2 trQf ( n * A A • • • A V t A • • • A D?" A (Q^' 1 ) , 

j =1 »=0 

where Vt stands in the j-th position. It follows that Chern-Weil type weighted trace 
cochains Xn(fo(^)i ■ • •, /n(fl)) define topological characteristic classes. 

Proof: The first part of the corollary follows from the above theorem with |a| = |d| -u>. 

If |d| > — d ™ M , we have [|a|] = |d| • w + dim M < 0 so that the sum involving the 
residues vanishes. This implies that d (x« (/o(^)i ■ • ■, / n (fi))) = 0. 
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Let now Q f , t g]0,1[ be a smooth one parameter families of weights with constant 
order q and V*, t G]0, 1[ a smooth family of connections, the curvatures of which have 
constant order u>. Replacing V by in Theorem |3] we first find that is 

holomorphic at zero and for any ao, ■ • ■ ,a n G f2(X, C7(M, IE)) 


i* I <“» 


j 5 '~ x n) 


= lim Xn,<n t ( z )) («o, • • •, a n ) 


[|o|l+dimM n+1 

a- -c'd! ^( -1 ) |aol+ ' +|a '~ l|+|fc|+lres ( Q o a «i fcl) A • • • 

'' .7=1 


q *—' (k 

q |k|=o v 


A A 


— Q t 


( fc i) 


Aa ^+^ AQ ,-'"'- 1 


Setting a* = we have a; = dt-u> and this tells us that provided [|o|] = [|d| -w] < 

—dim M, 

(|x^)(/o ( ^ ) ,-",/4^)) = 0. (8) 

Combining equation 0 and CorollaryElthen yields provided [|a|] = [\d\-uj] < —dim M 
(here as before, a* = /j(f2 t )), 


j t (Xn*(aoy,Qn)) 


— (df " " ’ ’ ^ 1 XrP* ( a 0) ■ ■ ■ ) J. <Xj j Ctj+l j ■ ■ ■ a n) 

V / i=o 

n / i \ 

= tr^* f «o A ai A • • • A —ay A • • • A a ra A Q t ^ j 


1 ” 

+ ;E(-d 


[|a|]+dim M 


|o:o|H -H a j-1 | + |fe| + l| 


? r=o 


E 

1*1=1 


fc! 


(fc + 1) 


- res ^ao A A ■ • • 


, d 

A 1 dt* 3 


( 3) Aaf +1) ---Aa^AQ7 |fc| ^ • 


We saw that the first term (ao, • • • ,a n )) in the first equation vanishes pro¬ 

vided [|a|] = [|d| • w] < —dim M.. 

We claim that the second term in the last equation also vanishes for similar reasons 
in that case. We are therefore left with the first term in the last equation, namely 

]Cj=o M tr<IJt («o A ot\ A ■ ■ • A ^cnj A ■ • • A a n A qE') • Since the /*’s are polynomi¬ 
als, by linearity we can assume that they are of the form fi(X ) = X di , in which case 
we have: 


d 


— Otj 

dt 3 
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i =1 ' ' 

dj 

= A (v t v t -v t v t ) AQp-*- 1 

i= 1 

i=l 

= ^Vf" d (or x A VtAQ^- 1 ), 

i=l 

where we have used Bianchi identity Xf nd TL t = 0 to ’’pull out” \/ End . Since we know 
by that Vt ’’commutes” with provided [a] < —dim M, whenever dl ™ M > —u>, 
we can write: 

tr^* A Qi A ■ ■ ■ A —ctj A &j +i A • • ■ A a„ A dj, ^ 

dj 

^tr Q ‘ (vf nd (n do A O dl A • • • A Vt A • • • A A 
2=0 
Mi I 

= dJ2 tr<Qt ( fi t° A fif 1 A • • • A Vt A • • • A n dn A , 

2=0 

where Vt is in the )-th position. Since this term is exact, summing over j yields the 
exactness of ]W l =0 X« f ( a 0; 1 ■ ■ • jjf a ji a j+ 1 > ■ ■ • ot n ) and ends the proof. 

We now specialize to a Quillen-Bismut superconnection setting. Let D £ C°°(X, A) 
be a smooth (possibly odd) section of self-adjoint elliptic pseudodifferential operators 
with constant order. A superconnection V on £ induces another superconnection 
A := V + 7 D (where 7 = 1 in the Zl^-graded case and 7 2 = 1 in the non graded 
case). Its curvature is a two form A 2 with values in A so that at any point x £ X, A 2 
is a positive elliptic pseudodifferential operator of order 2 valued two form. Taking 
Q := A 2 gives rise to covariantly constant weighted trace cochains: 

Theorem 5 The A 2 -weighted trace cochains Xn are covariantly constant: 

( A Xj f 2 ) (a 0 , ■••,<*„) = 0 Va 0 , ■ ■ • , a„ 6 ft(X, Cl(M, IE)). 

Also, for any polynomial functions fo, ■ • •, f n , the x^f (/o( A 2 ), ■ ■ ■, fn( A 2 )) define 
closed characteristic classes which are independent of the choice of connection V from 
which A is defined. 

Proof: This follows from the above theorem combined with the fact that A Bnd Q = 
[A, Q] = 0 when Q = A 2 . 

Remark 10 The second part of the theorem is proven in for n = 0. The gen¬ 
eralization n > 0 does not bring anything new since clearly, the expression 
X^ (/„( A 2 ), • • ■, /„( A 2 )) is a linear combination of terms of the type tr R (/( A 2 )) = 
xf (/(IV 2 )). 
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Appendix A: Relation to Higson’s cochain (Aq, • • •, A n ) i—> 

(^o? 5 z 


The methods used in this paper to compute the various anomalies/discrepancies, are 
somewhat similar in spirit to methods used in EMI and HU in the computation of a 
local representative of the Chern character. This appendix points out to some of the 
relations. N. Higson introduces in |H| formula (4.1) a multilinear form (Ao, • • ■, A n ) 
(A 0 , • • •, A n ) z which relates to Xn,Q as follows: 


Proposition 6 


(A)> ■ ■ ■ i Ai)z ; — 


+ 


(- 1 )"® J X~ z dXti (A°(X - Q)- 1 A(A - Q)- 1 ■ ■ • A„(A - Q)- 1 ) 

r(z + n) ■ Xn,Q(z + n)(A 0l ■ ■ -,A n ) 

T(z + n) TR (A 0 A x ■ ■ ■ A n Q~ n ~ z ) 

OO ( 1 ^ I ^ I 

E ^Tl )! r(2 + n+ |fc|) TR { A ° A l l] • ' • A n n) Q~ n ~ lkl ~ Z ) ■ 


Remark 11 This last expression compares with 


(A)>' ‘' i A n ) z — 


- (-j)lfcl 

(Ifcl + n)\ 
|fc|=o Vl 1 ’ 


z{k) TR (A 0 A[ kl) ■ ■ ■ A £*•»> g-n-|k|-*) 


derived in m, in the proof of Proposition 
Proof: By Lemma A.2 in |H| we have: 

Xn, Q (t)(A 0 , ■■■,A n ) = / dX e ~ tX tr (A(A - 0)- 1 A 1 (A - Q)- 1 ■■■A n (X — O)- 1 ) . 

The result then follows from the fact that Xu,q(z) is the Mellin transform of Xn,Q : 


t Xw,q(^)(-^0} * * * > A-n) 

= l°° dt t_n+2 ” 1 / dX e ~ tX tr ^ o(A " G)~ Ai(A - Qr 1 ■ ■ • A(A - Q)" 1 ) 

= ( 2 ^f r( r ( ~) n) / dX A ”' Ztr (A( a - Qr A i(A - Q)- 1 • ■ • A n (X - Q)- 1 ) 



1 

W) 


{Aq, • ■ •, A n ) 


z—n 


Using formula 0 then yields the last identity in the proposition. 


Appendix B: Proof of formula (|6|) 

For any A,Q £ Cl(M,E) such that Q has scalar top order symbol, the following 
holds ILeJlLemma 4.2): 
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Lemma 5 If p, e, N > 0 satisfy — p — e < 0 then 


N-l 


tQ A= J2 ^f-A^e~ tQ + R N {A,Q,t) 


3=0 J 

where, for any c > 0 such that Q + c is invertible, there exists C > 0 such that 

N-a 

\\R N {A,Q,t ) (Q + cf|| <Ct~~ p ~ € . 


Remark 12 Writing this for short: 


e~ tQ ^f-A^ e 


—tQ 


3=0 


r- 


and taking a Mellin transform Q z = J 0 °° t z 1 e t( ^dt, we find (compare with 

Lemma f.30): 


rt z -o 


q~ z a^Y, c ' j -A {j) Q~ 

3=0 

This can also be derived from (compare with m Lemma f.20): 


(A - Q)- 1 A~J2 aU) ( a - Q)~ U+1) 

3=0 


using a Cauchy formula C?L Z p = J p z (p — L) p 1 dp applied to L = X — Q. 
Iterating the above lemma yields jPRj Proposition B.3: 

Proposition 7 Given any A 0 , ■ ■ ■, A n G Cl(M, E), for any J £ IN, there exist posi¬ 
tive integers Ni, ■ ■ ■, N n such that for t > 0 


Xn,Q(t)(A 0 ,- 

= S' ■ - S' (. A 0 A <“> • ■ -4f->e-‘ 0 ) + 


' ) An) 

{-t) l fc l 


k i=0 


k n =0 


This slightly differs from the statement of m Proposition B.3 where the rest term is 
an o(t). But it can easily be seen from |PR| Lemma B.2 that the integers N\, • • •, N n 
can in fact be chosen large enough so that the rest term is an o{t J ). 

Also in m proposition B.3, the formula involves a constant 


C k = / Uq 1 (uo + ui) k2 • • • (u 0 H- \-u n -i) kn du 0 ■ ■ ■ du n 

J A„ 

where A„ = {(ztg, ■ ■ •, u n ), 0 < Ui < 1, 5Z”=o Ui = 1} the n Ah. simplex. But setting 
u 0 + • • • + u n -1 = 1 - u n and integrating over u n yields C k = f An u kl (u 0 + 
ui) k2 ■ ■ ■ (u 0 + • • • + u n - 2 ) kn ~ 1 duo ■ ■ ■ du n which by induction shows that 

c = _1_ = fc! 

( k n + 1) {k n - 1 + 1) ■ • • (fc 0 + 1) (k + 1)! 

where we have set (k + 1)! = (, k n + l)!(fc„_i + !)!•■• (fco + 1)! and &! = &„!■■• fco!. 
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